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S. K. JAIN, SURJEET SINGH, AND R. G. SYMONDS that R is semisimple artinian iff each cyclic iϋ-module is injective. Koehler [13] showed that R is a right qc-ring iff R is a finite direct sum of rings each of which is semisimple artinian or a rank o duo maximal valuation ring. As a consequence, every gc-ring is both a q-ήng and g*-ring.
In this paper the classes of rings initially called g-rings, g*-rings, and gc-rings have been called Q-rings, Q*-rings, and QC-rings respectively.
Let J(R) denote the radical of a ring R. R is called semiperf ect if R/J(R) is semisimple artinian and idempotents modulo J(R) can be lifted to R. If R is semiperfect, then there exists a finite maximal family of primitive orthogonal idempotents {eji^^ such that R is called a local ring if it has a unique maximal right ideal which must be the radical J(R).
R is a right valuation ring if the set of all right ideals is linearly ordered. R is a maximal valuation ring if every family of pairwise solvable congruences of the form x = # α (mod A a ) has a simultaneous solution where x a eR and each A a is an ideal in R. R is called an almost maximal valuation ring if each of its proper homomorphic images is a maximal valuation ring.
A ring is right duo if every right ideal is two-sided. A ring R has rank 0 if every prime ideal is a maximal ideal. By duo rings or valuation rings, we shall mean both right and left. Proof. R/I = R implies R/I is projective, and hence / is a direct summand of R. PROPOSITION 
Let R be a right PCQI-ring. If I is a right ideal of R such that R/I = R, then I is contained in every nonzero two-sided ideal of R.
Proof. Let S be a nonzero two-sided ideal of R. Then R/S is a gc-ring, hence is semiperfect. Let f: R/I-> R be an isomorphism. Since 1 + I generates R/I, R = xR, where x = /(I + /). Then I = annx = {reR|xr = 0}. So there exists yeR such that xy = 1. Since R/S is semiperfect, (x + S)(y + S) = l + S = (y + S)(x + S). Then 1 -yx e S. Let a e I, i.e., xa = 0. Then (1 -yx)a = a -yxa -α, hence a e S. So I £ S. PROPOSITION 
Let Rbe a right PCQI-ring. Then either R is a prime ring or R is semiperfect with nil radical.
Proof. Suppose R is not prime, and P Φ 0 is a prime ideal. Then R/P is a tfc-ring, and hence a q-ring. So R/P is simple artinian [9] . Thus P is maximal, hence primitive. So the Jacobson radical is nil.
Since R is not prime, there exist nonzero ideals A, B such that AB = 0. Since R is a right PCQI-ring, R/A and R/B are semiperfect, hence each of them has finitely many prime ideals. Since every prime ideal of R contains A or B, it follows that R has finitely many prime ideals as well. Thus RfJ(R) is semisimple artinian, and since J(R) is nil, R is semiperfect. 4* Nonlocal semiperfect PCQI-rings* By Proposition 3, all nonprime right PCQJ-rings are semiperfect, so the results of this section hold for the class of nonprime nonlocal right PCQI-rings. The case of local right PCQJ-rings is discussed in the next section. LEMMA 
Let R be a semiperfect ring. Then R/A is a proper cyclic right R-module, for all nonzero right ideals A.
Proof. There exists a positive integer n such that R is a direct sum of n indecomposable right jR-modules, and R cannot be expressed as a direct sum of more than n right i?-modules. Now, if R/A = R, then, by Lemma 1, R = A 0 B and B = R. So A = (0), proving the lemma.
Let R be a nonlocal semiperfect ring, and let {βj^^ be a maximal set of primitive orthogonal idempotents in R. 
Since A 4 is a finite direct sum of isomorphic quasi-injective right ideals, A t is quasi-injective, hence a gc-ring. Thus, by Koehler [13] , R is a gc-ring. PROPOSITION 
Let R be a semiperfect right PCQI-ring such that R = ejl 0 e 2 R. If e t R ~ e 2 R, then R is a qc-ring.
Proof. Now e γ R = e 2 R and R/e 2 R = Rje x R, hence e 2 R and ejl are quasi-injective. Since e x R = e 2 R 9 R -eJiζ&eJi is quasi-injective, hence right self-injective. So R is a gc-ring. PROPOSITION 9. Let R be a semiperfect right PCQI-ring such that R = e γ R 0 e 2 R. If ejte 2 = 0 and e 2 Re x = 0, ίfoew R is a qc-ring.
Proof. If βijββa = 0 and ^iϋ^ = 0, then e λ R and e 2 R are twosided ideals of R. Thus ^i? = R/e 2 R and β 2 i2 ~ R/e t R are gc-rings. Then i? -eJR 0 e 2 i2 is a gc-ring. PROPOSITION Conversely, if R satisfies (i), then, by Koehler [13] , R is a QCring, hence a PCQI-ring. If R satisfies (ii), then straightforward computation shows that R is a right PCQI-ring.
Since every right QC-ring is a left QC-ring and (Q JΛ is also a left PCQI-ring, we get the following corollary.
COROLLARY.

A nonlocal semiperfect right PCQI-ring is also a left PCQI-ring.
5. Local PCQI-rings* Theorem 13 and Theorems 14, 15, and 16 which follow generalize Klatt and Levy's [11] theorems for commutative pre-self-injective rings which are not domains. Throughout this section M will denote the unique maximal right ideal of a local ring R. M is then the Jacobson radical of R, and RIM is a division ring. THEOREM 
Let R be a local right PCQI-ring with maximal ideal M. Then either R is a right valuation ring or M 2 -(0) and M R has composition length 2.
Proof. First note that for all nonzero right ideals A, R/A is indecomposable quasi-injective and hence uniform. Now we show that all nonzero right ideals are either minimal or essential. Let A, B be nonzero right ideals such that A Π B = (0). We claim that A is minimal. Let C be a nonzero right ideal properly contained in A.
Then R/C is quasi-injective and not uniform since A/C Π (B + C)/C = 0. This is a contradiction, so A is minimal. Similarly, B is minimal. In particular, it follows that any maximal independent family of minimal right ideals can contain at most two members.
If If Soc iϋ^ consists of a unique minimal right ideal then it is clear that R is a right valuation ring.
Finally, suppose SocR R = A@B, where A, B are minimal right ideals. Then R cannot be prime. Let xeM, and consider xR. If xR is not minimal, then xR is quasi-injective and decomposable. Then xR = A © 5. In any case, for all x e M, x£ Soc R R . This implies that M 2 = (0), and the composition length of M is 2, completing the proof.
The next two theorems give the structure of non-prime local right PCQI-rmgs. Prime local PCQJ-rings are discussed in the next section. THEOREM 
For a nonprime right valuation ring R, the following are equivalent: ( i ) R is a right PCQI-rίng. (ii) R is a right duo almost maximal valuation ring of rank 0 such that any left ideal containing a nonzero right ideal is twosided.
Proof, (i) => (ii). Since R is not prime, M is nil by Proposition 3. So, if xR is a nontrivial principal right ideal of R, xR is quasiinjective. Since xR is essential in R, the injective hull of xR is the same as that of R. Hence, by Johnson and Wong [10] , RxR £ xR. So xR is a two-sided ideal of R. Thus R is a right duo ring. Since each proper homomorphic image of a PCQI-ring is a QC-ring, the proof of (i) => (ii) as well as that of (ii) => (i) is completed by a theorem of Koehler [13] . The example which follows shows that a local right PCQI-ring is not necessarily a left PCQ/-ring. EXAMPLE. Let F be a field which has a monomorphism p: F-+F such that [F: p(F)] > 2. Take x to be an indeterminate over F. Make V = xF into a right vector space over F in a natural way. Let R = {(a, xβ) 
Then JR is a local ring with identity with the maximal ideal
In fact, M is also a minimal right ideal and M 2 = (0). Thus I? is a right PCQI-r'mg. Further, if {a t } ieI is a basis of F as a vector space over p(F) then straightforward computations yield that M = Θ Σ Λ(0, α α'J as a direct sum of irreducible left iί-modules R(0, xa % ). Since card I > 2, it follows by Theorem 14 that R is not a left PCQ/-ring. Proof. By Theorem 14, R is a right valuation ring. Let A denote the intersection of all nonzero two-sided ideals of R. The proof that R is a domain falls into three cases.
(i) A = (0). Let x,yeR such that xy = 0. Suppose y Φ 0. Then yR is a nonzero right ideal of R. Since R is right valuation and A = (0), yR must contain a nonzero two-sided ideal of R. Further, each proper homomorphic image of R is a local QC-ring, hence a duo ring [13] . This implies that yR is two-sided. Hence x = 0, and i? is an integral domain.
(ii) 4^ (0) Since R is a right valuation ring, R is immediately a domain if
So assume that Z(R) Φ (0). Then Z(R) = ikf, and each element in ikf is a right zero divisor. So xeM implies that xR is proper cyclic, hence quasi-injective. Also xR is an essential right ideal in R. By Johnson and Wong [10] , RxR £ xR. Hence xR is two-sided. So R is a prime right duo ring, and it follows that R is a domain. 7* PCQJΓ-domains* In this section we discuss right PCQI-rings which are integral domains and prove that these are right Oredomains. This generalizes the result of Faith [4] . Our proof, in this case, though it runs on the same lines as that of Faith, does not use Faith's result.
module containing a copy of R.
Proof. Since I is nonessential, there exists a nonzero right ideal J in R such that IΠ / = 0. Let aeJ such that a Φ 0. Then aR f)lQJΓiI=0.
Consider r(a + I) = {x e R \ ax e I}. Clearly r(a + I) -0. So R/I contains a copy of R. Since iϋ/I is also quasiinjective, this implies that R/I is injective by [17] .
For a right iϋ-module A, let A denote the injective hull of A. We also get that R = X + Y, where IflF= aR. This yields an exact sequence 0 ->aR->X x Y~-+R-»0 which splits. So X x Y = aR x R = R x R. This implies that Γ = αi? + δi2 is a finitely generated projective right ideal. Since R = R/Y, Q-+Y->R->R-»0 is exact. Then Γ® i2 JS->i2® i2 Jβ^.B® i2J B->0 is exact. Also, a finitely generated projective JS-module is essentially finitely related. So, by Cateforis ([3] , Proposition 1.7), (aR + bR)ίg) R R is projective as an jB-module. Then Y® B R is a direct summand of a free Rmodule. Now Z{R%) = 0, hence Z(Γ® i2 -B) = 0 because Γ® Λ β is a direct summand of a free ^-module. Now consider
Again, by Cateforis ([3] , Lemma 1.8), kerί = Z{Y® R R) = 0. So 0^ Y® Λ βΛi2(g) ii;j B^JB(g) i2^^0 is exact. Since R<& B R = R, let f: R(& B R->R be the canonical isomorphism. Then/i: Y"®^-*^ is a monomorphism, and Y® R R= YR. Since Y is finitely generated, ΓJB is a finitely generated right ideal of R. So Yί? = eR, where e 2 -e. Thus we have the following exact sequence: 0-+eR->R~>^® i2^->0, and R^RR~R/eR = (1 -e)R. Hence R ® R R is isomorphic to a direct summand of R. Since Z(K B ) = 0, Z(β0^i?) = 0. Since ^ = xR, for some a eΛ, the kernel of the canonical map /: R® B R ->R defined by f(a® 6) = ab is contained in Z(R 0^ R) and hence must be zero. Since / is sπrjec-tive, / is an isomorphism. By Silver ([18] , Proposition 1.1), there exists an epimorphism in the category of rings from R to R.
Let M be a right .B-module which is quasi-injective as a right iϋ-module. We claim that M is quasi-injective as a right JS-module. Let if be a cyclic right iϋ-module. Then if is a cyclic right ίί-module. Since R is a right PCQI-domain, iΓ β is quasi-injective.
Thus Kb is quasiinjective. Since R is right self-injective, R is a QC-ring. So R is semiperfect and simple, hence simple artinian. Thus R is a division ring. This proves that R is a right Ore-domain.
We conclude by a remark that we have not studied arbitrary prime right PCQI-rings. This case remains open. Indeed, a characterization of right PCQJΓ-domains has not yet been obtained.
